We study the theory behind a Talbot-Lau interferometer. This consists of three gratings in each other's Fresnel near field and accepts spatially incoherent illumination. Our formalism gives a clear physical picture and permits efficient numerical simulations. We concentrate on the case of matter waves and provide an adequate description of recent fullerene experiments taking into account the Casimir-Polder interaction between a molecular beam and mechanical gratings. For more massive molecules, the influence of this interaction is more drastic and leads to a forbiddingly narrow velocity distribution requirement for future experiments with very massive molecules. This problem can be avoided by configurations where at least one mechanical grating is replaced with an optical grating, i.e. a standing light wave. Such interferometers show improved scaling behaviour. Magnifying or demagnifying interferometer variants are also discussed.
Introduction
Interferometers are sensitive tools for probing the wave properties of a beam of massive particles and for measuring physical quantities. Over the past few years, the field of matter wave interferometry has been developing at a rapid pace. The focus has moved from elementary particles, electrons and neutrons, to composed particles, namely atoms and molecules. Their internal structure leads to a rich pattern of interactions with the environment. This gives rise to many different types of atom interferometers [1] with thermal, laser cooled or BoseEinstein condensed atoms suited for various applications. Three interferometer types have been realized with molecules to date, namely a Ramsey-Bordé interferometer using I 2 [2] interacting with laser light, a mechanical Mach-Zehnder interferometer for Na 2 [3] , and a mechanical Talbot-Lau interferometer for C 70 fullerene molecules [4] . The latter interferometer type relies on coherent self-imaging in the near field of a periodic structure [5] and has also been realized with atoms [6] . It produces interference fringes even for an uncollimated input beam. This special property allows much higher count rates in comparison to other interferometer types.
In the present paper, we describe the wave propagation in a Talbot-Lau interferometer. Our formalism specializes on the case of an uncollimated input beam. It relies on Fourier decomposition and allows efficient numerical simulations. The results compare favourably to our experimental data [4] . We explore the scaling properties of the setup if the experiments are extended to larger molecules and propose a novel interferometer scheme which makes use not only of mechanical structures, but also of standing light waves acting as gratings for large molecules [7] ; this seems especially suitable in the quest for quantum interference with more massive particles. ( ,x 3 ) Figure 1 . A one-grating setup for the discussion of self-imaging of a single grating (Talbot effect) . The intensity I T (x 1 , x 3 ) in the detection plane is calculated by a Fresnel-Kirchhoff integral to which all paths (four are depicted) through different points of the grating (modelled by a transmission function t 2 (x 2 )) contribute in a coherent way.
Theoretical description
of a single grating (figure 1). We consider a situation where a wave with wavelength λ originates from a point source at transversal position x 1 , illuminates a thin transmission grating with period d 2 λ at a distance L 1 from the source, and after free-space propagation over a distance L 2 forms an intensity pattern that is recorded on a planar screen. At the transmission grating, diffraction introduces a comb of wavevectors separated by the diffraction angle λ/d 2 (under the paraxial approximation). In the far-field Fraunhofer pattern, these angles lead to diffraction peaks separated in space. Here, however, we are interested in the Fresnel near field where the various diffraction orders still overlap in space and interfere with each other. A typical and particular propagation distance in near-field interferometry is given by the Talbot length L T = d 2 2 /λ which corresponds to the simple picture that neighbouring diffraction orders differ in space by just one grating period. Coherent wave propagation is described by the following ansatz (cf figure 1) , a Fresnel-Kirchhoff integral in paraxial approximation, where the grating is modelled by an amplitude transmission function t 2 (x 2 ):
Here the lengths 1
2 /(2L 1 ) and analogously 2 ≡ 2 (x 2 , x 3 ) refer to free propagation as depicted in figure 1 . The approximation to second-order, the so-called Fresnel approximation, is very well justified for realistic molecule interferometers: the ratio of the Talbot length to the period and width of the grating is much greater than for optical setups. Here the molecular beam is assumed to be monochromatic; in the more general case, the resulting signal still has to be averaged over the actual wavelength distribution. Now we take advantage of the grating periodicity and, under the additional assumption of a large slit number (formally infinite, in our experiment about 500) in each grating, introduce the Fourier series
Inserting equation (2) and the Fresnel approximation into equation (1) results in (note that all exponential factors independent of x 2 and j cancel out)
Here we have introduced the geometrical magnification
relates to the geometrical shadow of grating 2 under the action of the point source (M 2 = 1 in the limiting case of plane wave illumination); M 1 is defined in analogy for interchanged source and detection planes. The last equation, a Fourier ansatz, is valid for
This equation describes the Talbot self-imaging phenomenon [5] : the outcome is periodic in the quantity L 2 /(M 2 L T ) with a period of 2/m, and even with 1/m if m is even. Especially, for L 2 = 2M 2 L T all Fourier components are the same as directly behind the grating (note
the only difference is a minus sign for all odd m components so that the same intensity pattern shifted by half a period emerges. This self-imaging phenomenon by free-space propagation has been first observed with light by Talbot [8] and is called the integral Talbot effect. Patterns with shorter periods
. Both the integral [9] and the fractional [10] Talbot effect have been demonstrated for atomic matter waves.
Formalism of the general three-grating interferometer
In figure 2 we have sketched the general setup of a Talbot An experimental signal S TL (x 3s ) is obtained by detecting the portion of an initially uncollimated molecular beam that passes through the three-grating setup and by varying the transversal shift x 3s of the third grating.
In the limit of low collimation, i.e. for an extended molecule source seen from the first grating under a large angle θ λ/d 1 , different points in the plane of grating 1 do not show mutual coherence and therefore can be assumed to be points of an incoherent source (cf appendix). So the signal is derived from the single-grating Talbot signal (equation (3) Figure 2 . A sketch of the Talbot-Lau interferometer setup consisting of three gratings. Coherent summation as shown in figure 1 is performed over all paths that originate from the same point at the first grating and meet at the same point at the third grating. The first grating, illuminated by an uncollimated molecular beam, acts as a spatially incoherent source with an intensity pattern
The third, movable grating corresponds to a position-dependent flux transmission factor |t 3 (x 3 − x 3s )| 2 . By varying the lateral grating translation x 3s , a periodic pattern in the molecular distribution can be detected although the detector itself is not position sensitive. The theory described in this paper is valid for arbitrary grating periods
the diagram, however, shows our experimental setup with
incoherent summation over different source points and over the flux resulting in different points of grating 3 (cf figure 2) as follows:
To take advantage of the periodicity for the first and third gratings, it is advantageous to introduce the Fourier decompositions of the intensity transmission functions
Upon the insertion of equation (3) and the series of equations (6) and (7) into (5), the integrations over x 1 and x 3 can readily be carried out as follows:
All the numerics and the further discussions will be based on this formula, together with equation (4) 
Interpretation
Equation (9) shows the price we have to pay for the high throughput of our three-grating setup: if two grating periods d j are given, there is only a discrete set of useful periods for the remaining grating, even if one can choose the grating separations L j arbitrarily. From a technical point of view, the most foolproof solution to the stringent condition of equation (9) is taking three identical gratings and letting
In a recent experiment with fullerene molecules, we realized a Talbot-Lau interferometer of this '1:1:1' type. Another choice [11] is
; other examples will be given below. For the experiment, it is important to know the allowed amount of deviation of 3 from the desired rational numbers. The answer can be found by assuming a finite width of each grating and repeating the above derivation with finite integration limits. The main result of this straightforward calculation is that the ratios d j /d k and L 1 /L 2 have to be accurate with a relative deviation that is small compared to the inverse number of illuminated slits per grating.
With the formalism presented here, Fourier coefficients of the expected signal can be calculated directly from the grating Fourier coefficients. As an important example, we evaluate the visibility V of the basic Fourier component of the signal. It is defined as V := (max − min)/(max + min) from the minimum and maximum of the truncated Fourier series
In the case where r 1 = r 2 = r is an integer (both examples above) the Kronecker deltas in equation (8) 
If the Fourier coefficients A 1 and C 1 of the respective intensity transmission functions are independent of velocity (de Broglie wavelength), e.g. in the case of massive gratings, the dependence on wavelength and/or grating separation stems solely from the second factor and shows the characteristic selfimaging behaviour, periodic in
as discussed above. Gratings 1 and 3 play a 'classical', 'masking' role in contrast to grating 2, acting as a quantum mechanical diffraction object. One should note that although in the '1:1:1' configuration there are three gratings of the same period, this interferometer relies on the fractional Talbot effect of second-order (V ∝ |B 2 |), where the period reduction and the geometrical magnification factor M 2 = 2 compensate each other. The integral Talbot effect is exploited in the '2:1:2' type, but also in a '4:1:4' configuration (r 1 = r 2 = 1/2) where, on the other hand, any resulting contrast has at least double the spatial frequency of the third grating and is proportional to the second Fourier coefficients | A 2 | and |C 2 |. These parameters correspond to our experiment with C 70 fullerene molecules [4] . The flux S TL is normalized to the flux without any gratings. The maximum visibility V max (cf equation (10)) is 29%.
Numerical results

Talbot-Lau interferometer with three mechanical gratings
We start the discussion of the numerical results with the '1:1:1' type Talbot-Lau interferometer and the parameters from our recent experiment [4] : three identical gratings with a period of
open fraction (ratio of slit width to period) of f = 0.48 and a molecular beam with a tunable mean de Broglie wavelength λ in the range of 2-6 pm. A crucial test to discern TalbotLau interference fringes from a Moiré shadow effect that may emerge with classical particles is the measurement of the velocity dependence (note that the geometrical Moiré effect corresponds to the λ → 0 limit in our formalism).
A naive mathematical representation of these massive gratings is a binary transmission function t j (x j ) = |t j (x j )| 2 ∈ {0, 1}. It yields velocity-independent Fourier coefficients A n = b n = C n = sin(π f n)/(π f n) and the numerical results shown in figure 3 . In addition to the already predicted periodicity in the wavelength λ with a period of a 'Talbot wavelength'
44 pm, it also exhibits mirror symmetry around λ = λ 1 and an approximate periodicity with λ 1 /2; the latter would be perfect for the case of f = 0.5 where the even Fourier coefficients (except for the zeroth) vanish. One should also note that for f 1 , f 3 0.5 all higher Fourier components of the signal are strongly suppressed in comparison to S 1 (equation (8)) and any interferometer signal with a decent visibility has essentially a sinusoidal shape.
For a more realistic representation of the action of a massive grating, one has to take into account the CasimirPolder interaction [12] that the molecules experience at a distance r from the grating material. The potential V CP (r ) leads to an additional phase grating effect. For all achievable experimental parameters this phase grating can safely be treated in the Eikonal approximation. This means integration along straight lines, resulting in a transmission function t j (x) = t bin (x) exp(−i/h V (x, z(t)) dt) where t bin is the binary transmission function as used earlier and
(11) Here we assume passage through a rectangular grating slit of width f d centred around x = 0 with a grating thickness b (=500 nm); any fringe effects are ignored.
So far the approach is the same as for the description of the single-grating diffraction of noble gas atoms [13] 
to zero has been introduced in the simulation, and it has been confirmed that the numerical results are practically indistinguishable if a different potential is inserted in this narrow region; indeed only a small fraction of the interfering paths is affected.
From equation (5) one sees that the additional phase factor is irrelevant at gratings 1 and 3 (it does not change the coefficients A l and C n in equations (6) and (7)); this can be understood by the fact that the thin conservative potential introduces just a position-dependent momentum kick, but the momenta in front of grating 1 are 'smeared out' and the momenta behind grating 3 do not matter at all. In the language of statistical optics, at the first grating we start from a field without transversal phase coherence and thus phase shifts have no effect. At grating 2, however, intensity modulation plus free propagation have created partial transversal coherence (van Cittert-Zernike theorem).
In our formalism, the Fourier transform of t 2 (equation (2)) is completely changed by taking into account the potential. Even for the 475 nm wide slits in our actual experiment, the fullerene molecules are diffracted into many orders, and the effect increases rapidly for smaller slits and for larger molecules, for which a stronger Casimir-Polder interaction has to be expected due to their larger static polarizability.
In the numerical simulation, the Fourier coefficients of the complex-valued transmission function t 2 have been evaluated by fast Fourier transform, separately for each velocity because v z enters equation (11) The grating constant has been properly scaled so that Talbot self-imaging occurs at the same velocities (the v scale is valid for both plots, and also the colour scale). Note that without potential, this scaled setup would result in the same picture as in figure 3 . Here the r −4 limiting form of the Casimir-Polder interaction potential is taken into account. One sees how it changes the scaling properties. For the heavier molecules, the maximum visibility V max goes down only from 45 to 39% but a very narrow velocity distribution would be required to obtain a decent level of visibility in an experiment. determined velocity distributions, compares favourably to the measured signal of our interferometer [4] . It agrees even closer with the experiment than the calculation with a r −3 van der Waals potential, although the differences are minor and irrelevant for the scaling issues discussed in the present paper. The asymptotic C 4 r −4 potential [12, equation (25)] gives practically identical results to the full Casimir-Polder potential. This confirms that this interferometer setup mainly probes the retarded, long-range r −4 potential 1 . An important property of near-field interferometers for experiments with massive molecules is their favourable scaling behaviour: in order to keep L/L T ≈ 1 when going on to smaller de Broglie wavelengths λ and staying with the same length L, the grating constant d has to only shrink proportionally to √ λ whereas for a far-field diffraction pattern the dependence would be linear. This is the whole story for binary gratings (the picture in figure 3 will just scale, showing an unchanged pattern), but the necessary inclusion of the Casimir-Polder potential makes the scaling properties more complicated. The numerical results for properly scaled mass and grating constant, with unchanged velocity, are shown in figure 4(b) . Here an appropriate interaction potential for a more massive and more polarizable organic molecule with mass number 6000 (e.g. insulin) has been inserted; the asymptotic C 4 r −4 potential has been employed because it needs just one input parameter, the (estimated) static polarizability of the molecule [12, equation (25) ]. However, the main impact on the pattern is not from the stronger interaction potential but from the reduced typical distance (grating period of 371 nm instead of 991 nm) which enters the potential in the fourth power. Now diffraction from the second grating populates very high orders, which dephase very quickly from each other when the wavelength deviates from its optimum value. In effect, the fringes in figure 4(b) show a maximum visibility of 39% but this drops already by a factor of two if the wavelength deviates by just 0.7%. The narrow useful velocity range raises a problem for the experimental realization because the large velocity spread (necessary for intensity reasons) in a realistic molecular beam will severely diminish the fringe visibility. We propose one possible solution to this problem in section 3.3. Other possibilities could be provided by the emerging slowing and cooling techniques for molecules [16] : either one could slow down more massive particles and use larger grating periods or one could cool them to narrow velocity distributions so that the sharp velocity dependence does not pose a problem any longer.
Pattern formation behind two mechanical gratings
Interferometers with absorptive gratings also offer the possibility to create structures with periods that are larger or smaller than any structure employed in the setup. Numerical simulations for two examples are shown in figure 5 : the magnifying configuration in part (a) is a generalization of a pinhole camera (more exactly, many pinhole cameras operated in parallel) into the regime of wave optics. With L 2 longer than L 1 , the period-matching condition of equation (9) can be met for the integral Talbot effect (r 1 = r 2 = 1) and with an enlarged resulting period d 3 if one chooses the first two periods d 1 and d 2 to be slightly different. While it does not seem attractive to fabricate three different, exactly matching grating periods, such a setup could be well suited for experiments with deposition onto a substrate instead of a third grating; the third period does not have to be fixed beforehand in such a setup but can be determined together with the resulting visibility by microscopic techniques. The magnifying effect may allow the use of an optical microscope for detecting a pattern of fluorescent molecules, even if the first two grating periods are below the optical resolution. Note the visibility of up to 100%. The details of the simulation are given in the figure caption. Figure 5 (b) shows an opposite example where two identical gratings generate a structure with three times smaller period due to the fourth-order fractional Talbot effect. This opens the way towards an interesting application, namely the contact-free generation of micro-and nanostructured molecule layers without the requirement for 1:1 masks. With the currently available velocity distribution in our fullerene beam, a fringe visibility above 35% is predicted. One should note that the features and even the period in the pattern are smaller than the slit width in both gratings.
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Combined mechanical/optical Talbot-Lau interferometer
As shown in section 3.1 (figure 4), the scaling of TalbotLau interferometers to molecules of higher mass is rather complicated.
To avoid an excessively sharp velocity dependence, diffraction from the second grating should populate only a few diffraction orders. This requirement can be met very well by a grating that consists of laser light; its efficiency can be continuously tuned down to zero. Recently, we have demonstrated the diffraction of a beam of fullerene molecules from such an optical grating [7] . Many large molecules, especially fullerenes and many biomolecules, have an electrical ac polarizability α that is of the order of magnitude of the dc polarizability and scales in a good approximation proportional to molecule volume, but they absorb visible light only weakly (α has a small imaginary part). Therefore the main effect of a standing laser wave is that of a phase grating mediated by the induced dipole potential. We will include a thin phase grating (use the Raman-Nath approximation) in our model because typically the laser beam is much thinner than the relevant Talbot length for the matter waves.
As immediately seen from equations (5) and (8), phase gratings are useless as first or third gratings (in the uncollimated limit). The physical reason for this is that the experimental setup does not produce (first grating) or probe (third grating) phase coherence between different points at one of these gratings, so that only a structure imprinted on the intensity distribution is relevant. However, there is no obvious limitation for grating 2, and it has already been shown that the Talbot effect may also produce intensity fringes behind phase gratings, although at somewhat modified distances [5] . Our proposal for a scalable Talbot-Lau interferometer consists, therefore, of three gratings of the mechanical/optical/mechanical type, respectively (cf figure 2) .
The amplitude transmission function of an optical phase grating is [7] 
where
is the average phaseshift of the de Broglie wave. Equation (13) holds for the passage of the molecules through the centre of an elliptical Gaussian laser profile of 1/e 2 width w y in the direction perpendicular to the molecular and laser beams. P 0 is the power of each constituent running wave and k L = 2π/λ L is the laser wavenumber. The phaseshift depends on the molecule velocity v z in complete analogy to equation (11) .
We will just treat the case of equidistant gratings (L 1 = L 2 = L) and identical material gratings in the first and third position. Their period d 1 = d 3 = d has to be a simple rational multiple of the laser wavelength λ L . For the simulation, we have inserted the parameters of our C 70 beam and λ L = 1064 nm. This wavelength actually appears to be suitable for a nearly pure phase grating (α nearly real) for most large molecules since it is located well above the electronic and below the ro-vibrational transitions. As shown in figure 6 , different grating periods give promising simulation outcomes: figure 6(b) ) have the advantage of resulting in very short interferometers even for an infrared laser wavelength; the latter setting has three equal periods like the mechanical grating configuration of figures 3 and 4. The d = λ L ( figure 6(c) ) and d = 2λ L ( figure 6(d) ) configurations need a larger grating separation but show a very clear signature of quantum interference: the fringes are inverted in dependence of the velocity whenever L/L T crosses an even integer. This fringe inversion at special velocities independent of laser power is a genuine effect of Talbot rephasing, i.e. wave mechanics. Additional inversions show up which depend on the laser power (compare the two halves of figure 6(c)); they have analogues for classical point particles. A simple and smooth dependence on the de Broglie wavelength can always be achieved by a sufficiently low laser power (e.g. in the upper halves of all plots in figure 6 ) because then only a few terms contribute to the sum in equation (4) .
The results shown in figure 6 are indeed scalable, i.e. exactly the same plot over L/L T is obtained for different (equal to the maximum phaseshift attained in [7] 
; the right half is shown for = 0.2λ dB pm −1 to illustrate the intensity-independent and intensity-dependent features;
molecular masses, velocities, lengths L and grating periods d, as long as the ratio d/λ L and the dimensionless parameter L T /L are the same. The latter condition becomes even easier to achieve for a larger molecule at the same velocity, because the larger polarizability α allows one to work at a lower laser power according to equation (13) .
Conclusion and outlook
It has already been discussed that Talbot-Lau interferometry is a promising way to explore the quantum interference of massive objects. In the design of suitable setups and the interpretation of experimental data a theoretical and numerical model of the interferometer is indispensable. The present paper presents a formalism which gives, on the one hand, an intuitive physical picture of the relevant geometry and coherence issues involved and, on the other hand, it allows efficient numerical simulations with many experimentally relevant effects included.
This model is also a good starting point for theoretical studies including decoherence effects, which are under way in conjunction with experiments on decoherence. Important decoherence channels are the emission of blackbody radiation and the collision with rest gas molecules. Both should not pose fundamental limits even for medium-sized biomolecules of many thousand atomic mass units [17] . Thus, the results of this paper are of direct relevance for future interference experiments with such molecules.
Our model treats arbitrary three-grating setups and specializes on an uncollimated input beam, as required in order to obtain sufficient count rates. This paper discusses various geometries (especially magnifying and demagnifying setups) and physical realizations of the gratings. A comparison of our model with a Talbot-Lau interferometer experiment has already pointed out the importance of Casimir-Polder molecule-surface interactions although the molecules pass at a mean distance of more than 100 nm from the surfaces. In effect, the scaling behaviour towards more massive molecules is less favourable than previously assumed but these problems can be circumvented with the proposed interferometer setups that employ an optical grating in the second position.
In section 3.3, we proposed mechanical gratings at the first and third position to achieve the required intensity modulation. However, equation (10) shows that only the modulation depth of the intensity transmission function is relevant, regardless of its specific shape. Such a modulation can be achieved in optical gratings of higher intensity, so that a 'destructive' number of photons are absorbed efficiently in the antinodes of the standing wave: either they ionize the molecules which thus may be diverted by an electrical field, or they lead to neutral fragmentation which also represents a loss channel with a mass sensitive detector, or they transfer the molecules into an internal state that can be selectively ionized or discerned from the initial one by the detector. So one can produce a Talbot-Lau interferometer with 'optical absorptive/optical phase/optical absorptive' grating types. Its theoretical description is somewhat more complicated than that given earlier: more molecular parameters enter the calculation, and one has to keep track of the different internal molecular states after the possible absorption of a 'non-destructive' number of photons. However, incoherent summation over these different states should go perfectly with the (also) incoherent summation over the points of grating 1 and 3 and preserve the characteristic features at special values of L/L T (figure 6), provided that the phase grating 2 acts similarly on the contributing internal states.
Conceptually, the period of an optical grating could be even smaller than the geometrical size of the interfering particle if it couples mainly to a colour centre that is smaller than the total size of the molecule. Instead of 'real' absorptive gratings one could even conceive 'virtual' ones: if gratings 1 and 3 are implemented as standing waves which trigger molecular fluorescence, then coincidence detection of photons collected from these two regions presents an integrated scheme for a position-sensitive detector and the selection of molecules passing through the antinodes of grating 1.
